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Abstract. Let A" be a compact Hausdorf space, let A be a commutative 
unital Banach algebra, and let A denote the algebra of continuous A-valued 
3 ' functions on X equipped with the uniform norm = sup s6i g l|/(^)|l for all 

/ S A- Hausner, in [Proc. Amer. Math. Soc. 8(1957), 246-249], proved that 
Jv[ is a maximal ideal in A if and only if there exist a point xq 6 X and a 
maximal ideal M in A such that M = {/ £ A : f(xo) G M}. In this note, 
we give new characterizations of maximal ideals in A. We also present a short 
proof of Hausner's result by a different approach. 



1. Introduction 

Throughout the paper, X is a compact Hausdorff space and C(X) denotes the 
algebra of all continuous complex- valued functions on X. We let (A, || • ||) be a 
complex commutative Banach algebra with identity. We denote the unit element of 
A by 1 and assume that ||1|| = 1. We denote the algebra of all continuous functions 
defined on X with values in A by C(X, A). For simplicity, we write A to denote 
C{X, A). For / E A, the uniform norm of / is defined by 

||/||„ = sup{[[/(aO|| : x E X}. 

In this setting, (A, || • || M ) is a commutative Banach algebra. Given an element 
a E A, we consider a as a constant function on X, and A is regarded as a closed 
subalgebra of A. Also, by identifying every scalar-valued function / E C(X) with 
the vector-valued function x \-} f(x)l, we regard C(X) as a closed subalgebra of 
A. 

It is well-known that an ideal M in C(X) is maximal if and only if there exists a 
point xo E X such that M = {/ E C(X) : f(xo) — 0}. In this note, we investigate 
the maximal ideals in C(X, A) and give new characterizations of these maximal 
ideals. 

In 1950, Bertman Yood [3] investigated the structure of the space Wl(A) of 
maximal ideals of A. He proved [H Theorem 3.1] that when X is completely 
regular and A is a -B*-algebra, 0Jt{A) is homeomorphic to the /3-compactification 
of X x 371(A). Then, in section 5 of his paper, he assumed that X is compact 
but the requirement that A be a £>*-algebra was dropped; he proved that 9Jl(A) is 
homeomorphic to X, provided X is compact and A is a primary ring; [H Theorem 
5.2]. He also proved that if every maximal ideal in A is of the form 

(1) M = {/ £ A : f{x) E M}, 
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for some x G A and M a maximal ideal in A, then 931(A) = A x 931(A). A few 
years later, Alvin Hausner [I] improved the result of Yood by showing that, when 
X is compact, every maximal ideal in A is of the form (TTJ). In this paper, by a 
different approach, we present a short proof for this result. 

2. Main Results 

For the Banach algebra A, a linear functional 4> : A — > C is called a character 
if (j) ^ and <fr(ab) = <j)(a)<j)(b), for all a, b G A. We denote the set of all multi- 
plicative functionals on A by 931(A). By [21 Theorem 11.5], there is a one-to-one 
correspondence between 931(A) and the set of all maximal ideals in A. 

Ideals in A will be denoted by I, J, M, etc, and ideals in A will be denoted by 
X, J , A4, etc. For an ideal I in A, a point x G X and a character <fi 6 971(A), we 
define 

(2) X(x) — {f(x) : f G I}, 0(Z) = {0o/:/ G I}. 

It is easy to check that X(x) and </>(Z) are ideals in A and C(X), respectively, 
and, in case I is closed, both X(x) and </>(!) are closed. Moreover, 

xnAcX(x), xnc(x) c ^(X). 

Lemma 1. Let X be a closed ideal in A, and let f E A. If f(x) G X(x), for every 
x G X , then f G X. In particular, if /(A) C X then f G X. 

Proof. Let e > 0. For every x G X, by the assumption, there exists a function 
g x G I such that f(x) = g x (x). Therefore, for every x, there is a neighborhood V x 
of x such that \\f(t) — g x (t)\\ < e, for all t G V x . Since X is compact, there are 
finitely many points xi,...,x n in A such that 

XcV!U---UV n , (Vi = V Wi ). 

By [3l Theorem 2.13], there are nonnegative continuous functions h\, . . . ,h n such 
that supp(/ii) C Vi and + • • • + h n = 1 on X. Take gi — g Xi and 5 = h\gi + • • • + 
h n g n - Then g G X and, for every t £ X, 

n n n 

\\f(t) - 9(t)\\ = |]T hi(t)f(t) - J2 Ut)9i(t)\\ < E ^WH/W - 9i(t)\\ < e- 

i—l i—1 i—1 

This implies that || / — g\\ u < e and, since X is closed, we have / el. □ 

Corollary 2. Let I and J be closed ideals in A. IfX(x) = J(x) for every x, then 
X = J . In particular, if X(x) = A for every x, then X = A. 

Let us now give a very short proof of the fact that every maximal ideal in A is 
of the form (fTJ. 

Theorem 3. Let M. be a maximal ideal in A. Then there exist a point xq G X 
and a maximal ideal M in A such that Ai = {/ G A : f(xo) G M}. 

Proof. There exists, by Corollary [21 a point xq G A such that M(xq) ^ A. We 
prove that the ideal Ai(xo) is maximal in A. If a G A and a ^ Ai(xo), then 
a, as a constant function on X, does not belong to A4 and so, for some g G A 
and / G At, we have 1 = ag + f. In particular, 1 = ag(xo) + f(xo) meaning 
A is generated by M(xo) U {a} and hence M(xq) is maximal in A. Now, let 
Mo = {f £ A : /(.T ) G M(x )}. Then A4o is a proper ideal in A and C A4 . 
Hence M = Mq. □ 
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Theorem 4. If A4 is a maximal ideal in A, then Ai(xo), for some xo G X, is a 
maximal ideal in A, and Ai{x\) = A for x\ ^ xq. Moreover, A4(xo) = A4 n A. 

Proof. The proof of Theorem [3] shows that there is a point xq G X such that A4(xq) 
is a maximal ideal in A. Clearly, A4P\Ac A4(xq). Assume that a G A and a ^ Ai. 
Then 1 = ag + h, for some g G A and h G Ai. Hence 1 = ag(xo) + h(xo). Since 
h(xo) G A4(xq) and A4(xq) is a proper ideal, we must have a Ai(xo). Therefore, 
M(x ) cMnA 

Now, assume that x\ =/= xq. There is a function g G C(X) such that 3(2:0) = 1 
and g(xi) = 0. Hence g ^ Ai and so there exist h G A and / G Ai such that 
1 = / + gh. Hence, 1 G Ai(xi) which means that A4(xi) = A. □ 

Corollary 5. Let I be an ideal in A. If there exist two distinct points xo,xi G X 
such that T(xq) 7^ A and I(xi) 7^ A, then X cannot be maximal. 

Theorem 6. If Ai is a maximal ideal in A, then (j)(A4), for some character <j) G 
DJl(A), is a maximal ideal in C{X), and tp(A4) = C(X) for ip ^ <f>. Moreover, 
ct>(M) = MC\C(X). 

Proof. By Theorem 01 there exists a point xq G X such that A4(xq) is a maximal 
ideal in A. By [21 Theorem 11.5], there is a character <fi : A — > C with Ai(xo) — 
ker </>. We show that 

(3) M n C(X) = ct>{M) = {/ G C{X) : /(s ) - 0}. 

The inclusions from left to right in the above equations are obvious. If / G G(X) 
and / ^ Ai, then 1 = fg + h, for some g G A and h G Ai. Hence, 1 = f(xo)g{xo) 
which means that /(xo) 7^ 0. 

Now, let ip G ffl(A) with <j>{M) = i>{M). If a G kcr</> then a G Ai an thus 
?/>(a) G 4>{M). By ((3j) , since tp(a) is constant, we get tfj(a) = 0. This shows that 
kevtp C ker'i/' and so <p — "0- D 

We can summarize the above results in the following statement. 

Theorem 7. For an ideal Ai in A the following are equivalent. 

(i) The ideal Ai is maximal. 

(ii) The ideals Ai H A and Ai (~l C{X) are maximal, respectively in A and C(X). 

(iii) There is a unique point xq G X such that .M(xo) 7^ A and A4(xq) is maximal 
in A. 

(iv) There exist a point Xq G X and a maximal ideal M in A such that 

M = {f£A: /(x ) G M}. 

Proof. (0) => (PJ : It follows from Theorem 0] and Theorem HI 

§u§ => (|m)) : Since Ai A, by Lemma [H there is a point xo G X such that 
■A4(&o) 7^ The proper ideal A4(xq) is maximal, since it contains the maximal 
ideal Ai l~l A. On the other hand, since Ai PI C(X) is maximal in C(X), we must 
have 

MnC(X) = {f eC(X): f(x o ) = 0}. 
Now, if x\ ^ xo, there is a function / G C(X) such that /(xo) = and f{x\) = 1. 
It shows that / G Ai n C(Jf ). Hence 1 = /(xi) G A4(xi) and thus M{xx) = A. 

jm| (Ev|: Set M = 7U(x ) and I = {/ G A : f(x ) G M}. Then Mel If 
x G X \ {x } then, by the assumption, A — Ai(x) C I(x) C A. Hence we must 
have X(xq) 7^ A since I ^ A. Since A^(xq) is maximal and -M(xo) C T(x ), we get 
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M(xo) = 1(xq). Therefore, for every x € X, we have shown that M.(x) = I(x). 
Lemma [2] shows that M = 1. 

The implication (fry)) (JTJ) is easy to prove; see [2J Lemma 2.1]. □ 
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